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ON THE PLASTIC ZONE FORMATION
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ABSTRACT

The plastic zone near the Mode | crack tip in anisotropic body is studied. Considered is the
case of plane stress conditions. The linear tensor constitutive equations are used for the
problem formulation. The solving equations are written in terms of displacement vector. By
means of variable discretization they reduced to linear system of algebraic equations. The
solution of this system is found by modified method of unknowns consecutive reduction that
isgeneralized Gauss' s method.

As the result the relations of plastic zone formations is obtained. In particular, the
development characteristic of main plastic zone near the crack tip is studied. Also it is
observed that the second plastic zone forms on the body boundary. The junction manner of
the both plastic zones into one plastic zone is studied. The influence of crack length on size
and shape of the plastic zone is shown.

Key words: anisotropic body, crack, plastic zone.
1. INTRODUCTION

Various crack models are widely used in mechanics of elastoplastic fracture. To date these
models it is necessary to know sizes and form of the crack tip plastic zone. Therefore the
solution of corresponding boundary problems are needed. In works [1-3] were founded (both
analytically and numerically)solutions of a number of boundary problems for plane and
antiplane strain conditions and also for the plane stress. However, al of its concern
particularly the plastic zone near the crack in isotropic body. For now the plastic zone near the
crack in anisotropic body is not studied enough. Only a few works is devoted to this problem
from which can be remarked the work [4]. Solutions of several boundary problems under the
plane strain condition were found in that work numerically.

Thiswork is devoted to the study of the plastic zone near the crack tip in anisotropic body for
the case of plane stress condition.

2. FORMULATION AND SOLUTION OF BOUNDARY PROBLEM
The components of displacement vector u are chosen as the main unknown variables.

Governing equations are derived using linear tensor constitutive equations relating the
components of stresstensor S with the components of straintensor D inthe form [5]:
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Here
E=0"D,y, Z =F,,q 0% 0%, H =F,,q9%°S¥, K =F,,4uS*S¥, 5=G*¥D,, D .
The tensors of anisotropy F and G are mutually inverse tensors, i.e.

Fang G°% =dgdf  (e2). 2
Here
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The components of anisotropy tensor F are determined from experimentally found relations
(in small region of initial state) of all components of strain tensor D from each component of
stresstensor S.
If components of anisotropy tensor F can be expressed by two constants then in view of
Eq. (2) the Eq. (1) turn to Hencky — Nadai’ s equations [6, 7].
Containing in Eqg. (1) the invariants of stress tensor S and strain tensor D are related with
each other.
It is supposed [8] that

H=E. 3
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Thermodynamic analysis of Eg. (1) shows[9] the radical .| K - H7 is one-valued function of
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The constants b and ¢ are to be determined from experimentally obtained relation between

. / E? / H? / H? . .
radicals 5-7 and K—7 so that for K—73u this relation can be

approximated by polynomial

E? H? H? H?
\/5-— \/K-—+b( K-=—-u)®+c(|K- —-u)’.
Z Z Z Z

In view of Egs. (3) and (5) the Eqg. (1) is written as

a a e — E a E ab
S® =G™ D, - (,|5- —)&*¥ D, - = g2 (6)
Z e o]

o
Z
If Egs. (4) and (5) are valid the plagticity criterion has the form
EZ
F-— =uU. 7
~ (7)

If components of anisotropy tensor F can be expressed by two constants then accounting
Eq. (2) the criterion (7) turnsto Mises' s criterion [10].
It is meant that the body is orthotropic with main directions are parallel to the axis of
Cartesian coordinate system x!, x?, x>.
In case of plane stress condition
Sll - Sll(Xl, XZ), 812 — Slz(Xl, XZ), 522 - SZZ(Xl, XZ),

and

S®=0, S®*=0 S®=0. (8
On the basis of equilibrium equations, Egs. (8), (6), and Cauchy’s relations it is obtained the
second order differential equations with partial coordinates x*', x* derivations of the
displacement components u,, u,:
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Above it is accepted the following notation:

1111 1212 1122 2222
G OmAA, G On-hB, G OmAC, G On-bc’

1133 o 2233 o 3333 o
G My, G Me, G Mee

61133 62233
= e G Ko
Gllll _ 61133 63311 o) %AA GllZZ _ 61133 63322 o) %AC
G*® ’ G*® ’
62233 62233
GZle _ 63333 63311 o) g&, 62222 _ 63333 63322 o) r}.bc.

It is supposed that on body’ s boundary are given both the stress vector P and the displacement
vector u*.

On the basis of boundary conditions written in components of stress vector P, Egs. (8), (6),
and Cauchy’s relations it is obtained the first order differential equations with partial

coordinates x*, x* derivations of displacement components u;, U,

aer}1 flu, r}]AC Tu, o mBBéaéT Tu, on —pl+RE:
x x2 g fx? ﬂx (10)
M éd;[-[ul ﬂuz %&‘b& ﬂul I}’b ﬂuz - p2+R2.
Here
= -le N +Tg Ny,

2 _
R =Tgn +T¢cn,.

The Egs. (9) and (10) can be integrated with Ilyushin’s method of consequent approximations
[11]. Thus for the first approximation the quantities Q', Q* and R', R* must be set equal to
zero and for each following approximation they are calculated on the basis of the values of
components u,, u, that where found at previous approximation step.

A rectangular body of small thickness containing a central crack is considered. The body
symmetry axes coincide with axes x*, x2.

The components P, P? is given on the bottom and upper crack surfaces as well as on the
body side surfaces. The components u,, U, is given on the bottom and upper body surfaces.
The boundary conditions are symmetric with reference to axes x*, x*. Thus it is possible to
consider only aquarter of the body (see fig. 1).
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x!

Figure 1. Considered part of the body.

On the upper crack surface (n, =-1, n, =0) the Eq. (10) hasthe form
Ofe'}' ﬂUl %AC &9— PY+RY: - mBB%éTU; + W 0- p2 4 2, (11)
o &’ o
Here
Rl=-T, RZ=-T,.
On the side body surface (n, =0, n, =1) the Eq. (10) has the form
maséﬂii &9— PLHRY th, ﬂul +3b ﬂuz =P*+R%. (12)
ex’ g
Here

On the upper body surfaceit is

U =Uu; U, = U, (13)
Asthe result of symmetry with referenceto axis x* it is
u (Xt - X?) - u (X +x3) =0; u, (X, - X?)+u,(x, +x°) =0, (14)
Asthe result of symmetry with referenceto axis x? it is
u (- x4 x2) +u (+xH x3) =0; U, (- XY X?) - u, (+x5, %) = 0. (15)
Moreover the symmetry with reference to axis x? in the crack tip gives that
u, =0 % =0. (16)

The Egs. (9), (11) — (16) are resolving equations of components u,, U,.
A plane grid of step his created

x'=(-2h (i=1..d), x¥*=(j-2h (j=1..,e)

i J
Then it isnoticed

u (X, X7) 0 g, Uy (X, X0) © (17)
i j ! ]
Here
s=2[(i-Ve+j- f]+1 t=2[(-1e+j- f]+2.

119



8. Uluslar Arast Kirilma Konferanst Bildiriler Kitabt 7 — 9 Kasim 2007
Prooceedings of 8th International Fracture Conference 7 —9 November 2007
Istanbul TURKEY

In view of Eq. (17) the coordinates x*, x? partial derivations of components u,, u, expressed
through finite-differences and on the basis of Egs. (9), (11) — (16) it is derived n linear
algebraic equations (n = 2(de- f +1)) with unknowns vy, ,..., y, :

Ass Vs T Assize Ysize T Ass2e Yo 2e T Assio Ysio t Ass 2 Yso t
+ Agtioern) Yisz(er) T Astizfe-1) Yirzle ) T Ast- 2(e-1) Vi 2(e-1) T Aste 2(e+1) Yi- 2(e+2) > Bs:
At Vit Avize Yisze T Ateze Yioze T A2 Yo T A2 Yeo t
+ Asiofert) Ysrolert) T Arsrafe1) Ysrole1) T Ars2(e1) Ys-2e1) T Ars 2(e+1) Vs 2(ev1) » B
(=2 j=f+L..,e-% i=3..,d-1j=2..,e-1)

Ass ys + Ass+2e ys+2e + Ass+4e ys+4e + Ast+2 yt+2 + Ast— 2 yt—2 » Bs;

Ats+2 ys+2 + Ats— 2 ys— 2 + Att yt + Att+2e yt+2e + Att+4e yt+4e » Bt
(=2 j=2..f-1)

AssYs T Ass 2 Ys 2 7 Ass s Vs a T Astize Yirze T Ast 26 Yi-2e > B
Asize Ysize T Ats2e Yo2e TAt Y Y A2 Yo T At Yioa » By
(i=2..,d-2j=¢)

AssYs =Bsi Ay =B (18)
(i=d,j=2..¢€)

Asrs2Ys2tAcos2 Y2 = Bsoi Aot2 Y2 T Aot Yiez = B
(i=2..4d, j=2)

As- 2es- 2e ys— 2e + As- 2est+2e ys+2e = Bs- 2e; A(- 2et- 2e yt- 2e + A(- 2et+2e yt+2e = Bt- 2e
i=2j="f,.¢)

Ass ys = Bs; Att yt + At+2e yt+2e + At+4e yt+4e » Bt

(i=2j=f)
Here

- Ags :8(|+|AA +Meg) Ascize =AM, Accze =AM, Ao =4Ms, A, =4Mgg,
Astigfers) = l%AC tMeg, - Asioler) = l}]AC tMgg, - Agen) = l%AC + Mg,
Ast-oen) = l}]AC +My, B =4h? Ql(?(l, )J_(z)i
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- A =8 thec) Ao =4Mess Az =4Mess An =4, A, =4
A sia(er1) = Mes +'}’bA! - Asizfe1) = Mes +I}tA! - Asoer =M+
Asofor) =My +ta, B =407 Q70 X)
(=2 j=f+l.,e-% i=3..,d-1j=2..,e-1)

Ass :3%AA’ - Agsize :4%AA’ Agize = %AA’ - Ajup = %AC’ Ao = %AC’
B, = 2h[P*(x", x*) + R*(x, X°)];
i i
- Asio =Mgg, Ao =Meg, At =3Mggs - Avtize =4Mhg,  Atige = Megs
B, = 2h[P2(_x1, X+ RO )
i
(i=2j=2..,f-1)
As=3Mgg, - Agp =4Mgg, Asss =Megs Asize = Megy - Asto2e = Mg,

B, = 2 P*(x", x )+R1(x x I

‘Ats-ze—'%si Att—3brtci _4'}tci Ata= ’}t

B, = 2n[P%(xX, x2)+R2(x X))
i j I J

Ats+2e = 3": ’

(i=2,K,d-1,j=e);
As =l Bo=ui(X ) A=l BEu(d )
(i=d,j=2,K,e);

=1, By,=0; A 5>
i=2,K,d, j=2);

As- 2es- 2e :1' As 2est2e :1' Bs- 2e = O; At-Zet- 2e :1'
i=2]j=1,K,e);

- AL =3 Ae =4
(i=2=f)
Q*(x', >j<2) and R'(x, >J_<2),

Asos2=L - Agen =1 A.u2=1 B.,=0

As=1 Bs=0 - Atae =1 B =0

Quantities Q*(x', >J_<2),

of unknown y,,...,y,.

The solution of Eqg. (18) is found with the method suggested in work [4].
The data of D16 aloy [5] is used.
The essential components of the anisotropy tensor F are

- A(-Zet+2e :1' Bt-2e =0

R?(x', x*) must be expressed in terms
i

Fllll = 0,193 xlo- 10 Pa- 1, = FllZZ = 0,045 xlo- 10 Pa- 1, = F1133 = 0,049 xlo- 10 Pa- 1,

Fo, =010740°%° Pat,

Fiags = 012140 ° Pa?,
Foas = 0107X107%° Pat,
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The essential components of the anisotropy tensor G are
G™ =6,39540" Pa, G =2,74440" Pa, G"* =2,263x0" Pa,

G =2,336340° Pa, G™" =2,06640" Pa, G*** =8,78140" Pa,
G#® =274440" Pa, G** =2336x0" Pa, G** =6,395x0" Pa.

2 2
The relation between radica 1/E-E? and radical K-H7 is characterized by
1

1
u=325%0?Pa2, b=01964347X02Pa 2, c=05632820X0*Pa™.
It is accepted that
h=2x0"m,

d=302, e=152, f =62 42 22
For the given grid step h and parameter f the crack length L is taken the following values

24X0°m, 16X0%m, 08X0°m
The solution of the boundary problem is found for

PH(,x%) =0, P*(X,x") =0

(i=2j=2..f-1)

PY(x',x*) =0, P*(x’,x")=0
i ] 1 ]
(i=2..d-1j=2)

U (X', x*) >0, uy(x',x*)=0
i ] 1 ]
(i=d,j=2..¢)
The values of unknown vy;,...,y, are found for nine steps of consequent approximations.
Moreover, on the ninth step of the approximation the indexes i and j when the radical

| E? : .
Z - — that stands in the left part of criterion (7), gets grater or smaller then the constant

u arefound. It allows to calculate the coordinates of the plastic zone boundary points.

3. RESULTS

Thefig. 2 (L =2,4402m) , fig. 3 (L =1,6X10"?> m) and the fig. 4 (L = 0,8X10 % m) show the
plastic zone formation.
The curves shown in fig. 2 (L=2,4%02m) are given for the following values of

u (x', x%)®0°, m:
i
1-70,2-80,3—-82,4—-84,5-86,6-88.
The plastic zone boundary for the case of plane strain condition and uI (xl, >_<2) =7040 °m
i

marked in the figure by dashed line [4].
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Figure 2. Plastic zone formation for L =2,4X0?m.

It should be noted that in comparison with the case of plane strain condition the main plastic
zone near the crack tip under plane stress condition and u; (X, x°) = 700" ® m suffers some
! J

changes. Really, it significantly moves in x?- axis direction and increases in sizes. So its

length in x?- axis direction increases in more then two times. The further behavior of the
plastic zone remains without changes. Indeed, as the body elongates it expands and declines

to the side surface of the body. For some value of the component u; (x*, x%), that more then
i

800 °m and less then 82x10 °m, the additional plastic zone appears on the side surface of
the body. It locates in the region of the point (7>(<)l =136x0%m, 1;<22 =3,00x40 2m). The
further body elongation leads to the expansion of both plastic zones and its joint creating one

plastic zone. It is observed the further expansion of the joint plastic zone. It should be noted
that its form near the body side surface does change essentially.

The curves shown in fig. 3 (L=16%02m) are given for the following values of
u (x*, x%)0°, m:
i

1-70,2-80,3-88,4-89,5-90,6-91, 7-92.

x'10° m
7
1.8 g
/ 5
] 4
—
1,2
> 5
2 6
06 «7 / / ’

0 06 12 18 24 x210°m

Figure 3. Plastic zone formation for L =1,6 X0 ?m.
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It is noticed that the main plastic zone arising near the crack tip for uI (xl, xz) =7040°m
i
gets considerably smaller.
As above with the body elongating, the main plastic zone expands and declines to the side
surface of the body. For some value of the component uI (xl, xz) , that more then 880 °®m
i

and less then 89x10 ®m, the additional plastic zone appears on the side surface of the body. It
locates at the vicinity of the point (7);1 =152x0%m, 1522 =3,00x0 2 m). The further body
elongation leads to the expansion of both plastic zones and its joint creating one plastic zone.

The further expansion of the joint plastic zone is observed. It isinteresting that its form near
the body side surface also does change essentially.

The curves shown in fig. 4 (L=08x02m) are given for the next vaues of
uy (x*, x%)»0°, m:
i
1-70,2-80,3-90,4-92,5-93,6-94,7-95, 8- 96.
It is noticed that the main plastic zone arising near the crack tip for uI (xl, >_<2) =7040°m
i

gets yet more smaller.
As the component u, (xl, >_<2) increases, the main plastic zone expands and declines to the
i

side surface of the body weaker. For some value of the component u; (x*, x°) , that more then
i

940 °m and lessthen 95X0 °m, the additional plastic zone appears on the side surface of

the body. It locates in the region of the point (7>él =1,4640 2 m, 135(22 =3,0040 2m). The

further body elongation leads to the expansion of both plastic zones and its joint creating one
plastic zone. The further expansion of the joint plastic zone is observed. It is important that its
form near the body side surface does not change essentially.

x!-102 m
2.4 Y
18 I

TR
Bl

0 06 12 18 24 x210%m

Figure 4. Plastic zone formation for L = 0,8X10 ?m.
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It is unsuspected that the point in which region an additional plastic zone arises weakly
depends on the crack length L. Moreover with decreasing of the crack length L from

2,4x10"2m to 1,60 2 m the coordinate X" of the point does increase from 1,36 X0 > m to

1,52x10 2 m, and with decreasing of the crack length L from 1,630 ?m to 0,8X10?m it
does decrease from 1,520 *m to 1,46 X102 m.

4. CONCLUSIONS

Studied the influence of a Mode | crack length on the plastic zone formation with stiff loading
of the body and under plane stress conditions. It was obtained that the crack length decreasing
leads to the essential diminishing of the plastic zone near the crack tip and to the later
appearance of additional plastic zone on the body side surface.
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