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ABSTRACT

The 3-D task for elliptic crack (lea2 +y* /b’ £1) of mode | with plastic zone in plane

z=0 isconsidered at uni-, bi- and triaxial loading in infinity. Material is suggested by ideally
elastoplastic with yielding condition in general form. The plastic zone is modeled by elliptic
ring with unknown sizes A, B along of the axis Ox and Oy. The stresses in the plastic zone
are determined from yielding condition and condition of plane strain in local coordinate
system connected with external contour of plastic zone. The following cases of loading are
considered: 1) uniaxial loading in infinity s} =p; 2) biaxia loading
sy=p s, =q (s;‘ :g);3) triaxial loading s} =p, sy =q, s; =g. The maximum
value of stresses s? in plastic zone is analyzed in dependence from sign and values of
stresses (, g a von Mises yielding condition. In the first and third cases a& q=g the

sizesA, B of the plastic zone are obtained in analytical form. The limit cases of small-scale
yielding and fully plastic state are considered too.

Keywords: dliptic crack, plastic zone, multiaxial loading, plastic constraint factor.
1INTRODUCTION

The Dugdale crack model [1] was suggested to thin plates ( plane stress) only. Direct
application of this model to plane strain or 3-D problem is not correct due to triaxial stress
state at the crack front. Guo [2] and Neimitz [3] used a semi-analytical method to rationalize
effects of out-of-plane and in-plane constraints for through- thickness cracked bodies.
Analysis in these works is focused on small- scale yielding (SSY) conditions in which the
crack-tip plastic zone is fully enclosed by K or K- T dominated elastic field.

Galatenko proposed the Dugdale-type crack model to plane strain [4] and to circular disk-
shaped crack [5] without limitations on the plastic zone sizes. Dependence of the plastic
constraint factor (PCF) m on external loads level and loads acting parallel to the crack plane
was obtained for Treska and von Mises yielding conditions. At SSY conditions the PCF (
m©° m, ) islimited by imposed restrictions on the T-stresses.

The report presented deals with extension of the proposed crack model to elliptic crack. The
results are compared with those for circular disk-shaped crack.
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2. MODEL OF THE ELLIPTIC CRACK

Let us consider 3-D volume with elliptic crack S{S: x*la’ + y* /b EJ} located in plane z=0,
under acting of the triaxial stresses at infinity s} = p, s =g, s; =g. Thestressesp are
tensional and g, g can be as tensional as compression. The material is assumed to be elastic-
perfectly plastic with yielding condition

F(s,,5,.53) =Sy, )
where s ,,s ,,S ; are principal stresses, s, isayield stress.

The plastic zone DS at the crack front is modeled by elliptic ring in crack plane with
unknown sizes A, B of the external contour. In the plastic zone the stresses

S;iS Sty (t v =ty = 0) satisfy to yielding condition (1). After subtraction of the applied
stress state s; =p, Sy =0, S, =g the auxiliary task can be obtained for plastic zone
DS

z=0, (x,y)I DS: s,=sl-p,s,=s-0,s,=s-0,t,=t); )
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Figure 1.

In the local orthogonal coordinate system ntz (Fig.1l), located at the external plastic zone
contour the expression (2) have the form

z=0, (x,y)I DS: s,=s%-p,s,=s2-5sP s, =s?-s® t =t%-t®, ()
Here s st ® are stresses in plane z=0 without crack which are connected with

sy.s, byrelations
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Sy = + cosZq;
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s® =

t®=-2%""Y gnpg,

where q isangle between normal n and axis Ox.
It is well known [6] that asymptotic stress field in the coordinate system ntz corresponds to
plane strain

S,=s,,S,=n(s,+s,)=ns,, t,=0a z=0,r® 0. (4)

The stresses are limited and continuous on the boundary of elastic and plastic zones. Then
from (3),(4) we have

s?-p=s’-sW;s2-sP=n(s?-p;t2-tP=0. (5)

The yielding condition (1) and relations (5) substitute the full equations system to determine

the stresses in plastic zone. In particular, for von Mises yielding condition the obtained system
have the form

jsi-p=sp-sPisl-sP=m(s] - p)ty =ty ©)
|

0

P28 (-8 +(s0- 0P AT =252,

After calculating of stressesin the plastic zone the boundary task of elasticity theory for crack
S+ DS can be formulated X
x;yl Ss: S,=-p
z=0, (xy)I DS: s,=s?-p,. (7)
(x,y)T S+Ds: u, =0.
The further solution of problem (7) is similar to the L eonov-Panasyuk-Dugdale problem [7].
Thestresses s Yor PCF m=s? /s, characterizes congtraint effects on the crack front.

The solution (7) gives the following formula for s ?

0 1 e q+ 9 3 2 +9_Q'_9 2l 22 o U
T m)g( 4)p+=—=-2(0- 9)0082q+\/4sy 3(p- 5 0s) 3(q- g)“sin ZQH--
(8)

In according to (8) the stresses s ? depend from angle g . The extremum points can be

S

obtained from the necessary condition ds ?/dq =0 which gives the following equation

in2 s 9. a : +g 3 U
(o g)smzqé\/élsé' 3(p- 22 - - Foosm)?- 3(a- g sin’ 2 - p+ 23 Z(a- g)eosmg=0
€ u

2

9)
Equation (9) has a solution at three cases:
1) gq=g, pt 0. This case corresponds to axisymmetric loading when s ? independent of q
and hasthe form
0 — 1 2
; Mg( M)p+q+ds2- 3(p- q)
In particular,a q=g=0, p* 0 we have uniaxial loading s =

S (10)
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1 R
sf= M)p+./4s - 3p°U 11
oL 2h)g( )p+y P4 (11)
Results at these schemes of loading are analyzed in paper [8].
2) Condition
\/ - 3(p- 929 g q290082q) 3(q- g)’sn’2y - p+q2 (q g)cos2g =0,
(12)
after transformations, can be written as
(9- 9)*+(g- p)*+(p- q)* =22 (13)

The last equation corresponds to fully ductile fracture because the external loads satisfy to
yielding condition.

3) sin2q =0. Thecritical points q. =pk/2 (k =0,1,2,3) can be obtained which coincide
with ends of the axes of elliptic crack.
We consider the third case at bi- and triaxial nonaxisymmetric (q* g) loads on infinity.

3. RESULTSAND DISCUSSION
3.1. Biaxial loading

1.Ats; =p, sy =0, s, =0 thedistribution s are determined by formulas

o_ 1 € q 3 \/ 2 q 9
= 1- Hh)p+—- — COS:ZC] + |4s° - 3( - - —COS:ZC] 3q 2q
> 2(1-2h)§( P52 ST AP ;- 3qn’

(e} C\ c

(13)
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Figure 2. Dependence of PCF m from ¢ at different walues of gray

Fig.2 shows the dependence of PCF m on angle q at different stresses q/s, and n =0,3.
The curves 1,2,3,4,5 correspond to values g/s; =-0,5;-0,1,0;0,10,5.
For given load the maximum values equal
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Qu-a)p- g+ 457 - 3(p- )Y a<0,

1
s? =s%(q=0=——¢5
.@=0) 20 ) &

Zmax

(14)
1 . N
s0 . =s%@q=p/2)=———§1- M)p+2q+.4s2-3p*Y, g>0.
s =82 (4 =P /2) =2 o s - A)PH2q+dsy - 3P G
In particular, at g=n p we have from the second expression of (14)
’4 2 _ 2
ST—3p_ (15)
2(1- )
The result (15) corresponds to plane strain case [4] for central crack 2b.
2.Ats; =p s, =g wehavethe following distribution

St =S2@ =P /2= 0+

1 é g, 3 \/ 2 g.9g 2 224U
s?=—— _41-h)p+2+=gcos2q +,|4sZ - - =2 +=c0s - 3g%sin® 29 (..
22(1-2n)§-( )P+ +-gcos r-3p- - +5c0sA)" - 3¢ ZqH

(16)
Dependence m on angle g is shown on Fig.3. Maximum mtakes place on the ends of larger
axis of ellipse a g >0 and on the ends of smaller axisat g <0. When g =n p, the ends of

larger axis of elliptic crack have the same constraint that at plane strain.
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Figure 3 Dependence m on # at diffirent grfoy
3.1. Triaxial nonaxisymmetric loading
In general case of triaxial loading the distribution s ? is determined by formulas (8). Triaxial
loading on infinity can be presented as superposition of axisymetric (g=g) state and uniaxial
tension or compression along of one axis of elliptic crack. The first state doesn’t influence on

the position of critical points. Consequently, their position is determined by the second state.
Fig4 shows m-q dependence at values of stresses acted along of elliptic axes : 1 -
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g=0,5,;, 9=01s,; 2-g=01s;, g=05,;; 3-9=05,;, g=-0Is;; 4 -
=-0,5;, 9=01s,;;5-qg=g=0.

Figure 4

In the first and third schemes of loads maximum m takes place at q =p/2. When g>¢
then maximum m isrealized a q =0.

4. CONCLUSIONS

Analyzing the results, we can formulate a rule for determination of the maximum constraint
points of plastic strains at the elliptic crack front under multiaxial loading: the maximum

constraint (maximum s ? ) occurs at those points on the crack periphery where the external
tangential tensile stress are maximum. It means that in dependence on stresses q, g, acted

along of elliptic crack axes, the fracture beginning can be on the ends of larger axis in spite
of minimum of stress intensity factor in these points.
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