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ABSTRACT

This paper presents investigation of the asymptotical solving behavior for nonclassical
fracture mechanics axisymmetrical problem for a near-surface crack. The crack islocated in a
near-surface layer parallel to the surface of a halfspace which is subjected to the uniform
compression or extension along crack. Asymptotical behavior of stress intensity factors and
stresses on a line of a crack is investigated in case distance between a crack and the free
boundary approach to infinity or zero.
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1. INTRODUCTION

We will consider a semiinfinite solid containing a penny-shaped crack of radius a whichis
situated in the upper halfspace x, 3 - h, intheplane x, =0 with centre onOx,-axis

The initial stresses that operate along a crack correspond to biaxial uniform compression or
extension is defined by [2]:

S:=0. §,=S,'0,
0 — . — —
Up =d (- Dx;; T, =1,1 1, |, =const.
Here values| ; denote the extensional ratio along the axis, x;- the Lagrangian coordinates

(1)

conterminous in the undeformed state with cartesian, S,? are the components of the symmetric

- - .-, . 0 - .
stress tensor in the initia state, u; are components of the displacement vector corresponding
to theinitial stress, d; isthe Kronecker’s symbol.

On crack faces operate small enough relatively with S normal distributed stress s (r) , that is
equal and is opposite directional on the upper and lower crack faces.
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The axial-symmetric linearized problem, has the following boundary conditions on crack
faces x, =+0 and afree surface x, =-h [1]:

t,=s(r), t, =0 (x, =20, O£r<a), @
t,, =0, t, =0 (%, =-h, O£r<¥)
where t; are Kirchhoff nonsymmetric stress tensor, r, g, X, are cylindrical coordinates
obtained from Cartesian coordinatesy; .

The common decisions of the linearized equations for different roots (n? * nY) in axial-
symmetric case are representable in the shape [2]

U, =%(fl+f2),

U, —m(m)“ﬂfl+mz(n)”2—“f2,
1z, fiz, 3)
7, ‘IFf
_CO dOIO OIO
as( ﬂzl

ﬂf1+ 0y-1/2 Oﬂfz.
—+(n d, —=I;
2 (n) 21122]

Where z =(n°) V?x,, f.(r,z)- potential harmonic functions
z =(ny) "X, 1,(r, 7

t = CH )

2FREDHOLM’SINTEGRAL EQUATIONS

The procedure of deriving Fredholm equations is analogous [3] taking into account non zero
right part [4]

The half-space x,3 - h is divided into fields "1" x,3 0 and "2" -h£x,£0 and is used
Henkel’ s integral transformations in these fields.

i1 (rz)= QA0 e 3y r)o:—l; i2(rz)= oB(I JERENA( r)

7(r,2) = FG.0 )ehl (2+h)+C,(1)shl (z+ ), 1); X

shlhl;

§ £,2) = GO e (2,+h) +D,( ) (2 +h (1 1 a

where i =(n°)*?h

Using a procedure from [3,4] was obtained the equations:
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S (r)

44

ddl (Ccthm +C,) +d,I9(D,cthm, + D,)J, (I r)l dI = (r<a);
G0) Y20, (C, + Cycthm) + (1) ¥d, (D, + D,cthm)Jy(1 )l =6 (r <al;
° (5)
O4do(I n)dl =0 (r>a);

¥

Oude(l 1)l dl =0 (r >a);

In (5) & =const has dimensionality of length, and unknown functions x, y was coupled by
eguations:

diysih, o () d sih,

PTTA s h Y 2 () R, sl Y ©)
and
% = G (ahm - gothm) + 1- )+, cthm - =gt +1¢- g,
Kk

k k
[—cthm L gcthm, + kz kig]+02[f(cthrq- gcthmz)+f(1- 9l (@
g—shn;/shn], m=lh, i=12
k=17 () 72, kG =12(n) Y2, k=K - ke
The solution is selected as conjugate integral equations
X, :Ild (t)(cosl t- cosl a)dt; x, Ii(‘y (t) cosl tdt, (8
0 0

after some transformations [3,4] the system of two integra equations of Fredholm with
additional clause has been obtained:

k 2K, _ .
f(x)+agw1(x,h)f(h)dh - p—kgvl(x,h)gm)dh —p—";(q<x),

k, ! 2k, * k
+—2 A ,h)gh)dh - —2 ¢ h)f()dh +C,—2 =0,
g(x) pkg\/'z(x )ah) pkg\IZ(X ) ) lpk

1

Qp(x)dx =0 (OEX £10£h £1); )
(0)° (@), 900°y (@);
a0 = 4p(0) +x ypxsnz)az]; p)e 2.

Equations (9) are given in dimensionless form. Unknown constant C, is attached to the
additional condition.

The kernels of the integral equations are defined as
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M, (x,h) =R b +x)- RA+x)+R(h - x)- R(1- x);
N,(x,h)=§(h +x)+Sh-x);  Myx,h)=S{ +x)+S,( - x);
N,(x,h) =R( +x)- R,(1+x)+ R,(0 - X) - R,(1- x);

R(2) =222 1y(b, +b2)- - e 1 20, 2) 41,20, 211

K,
S@) =("1+(k2){|1(b1+b2,z)- S11,@,2)+1,(20,, 21}
sz(z):z{zkﬁlo(bﬁbz,z)- %ka)[kﬁ 15(20,.2)+15(2b,,2 )]} (10)

R(@) =1 b, +b,12) - Z111(25,12) 41,420,201
l,(r,z)=r@z*+r?" I_l(r,z)=-%log(zz+r2);

I (r,z)=b(r?-z?)(z?+r?%7%
b=ha'; b, =b(n’)"?i=12
3STRESSINTENSITY FACTOT

Similarly to classical case the stress intensity factor is determined as coefficients at a
singularity in components of stress near crack periphery

) kvpa .
<, =imize (- a)]"ty(r,0) = - CoAN? “XP2 ¢ (x)dlx
r® a 0\/_ (11)
. . kipa
K, =|imi2o (- &)t (r,0) = - CZ,(n) “2d’ 25 bg().
r®a 2
Inthecaseof b® ¥ cansowthat M, ® O,M, ® O,%Nl® 0,bN, ® 0, and then
i 2 S ts(t)dt Yoy
K/So K, =- , Ko K, =0, (12)
I |bl®rl1 | @?\/ﬁ I |b|®rp I

4. TWO PARALLEL PENNY-SHARPED CRACK

We will consider infinity body that containing two paralel penny-shaped crack of radius a
which are situated inthe plane x, =0 and x, = 2h with centre onOx,-axis

The initial stresses that operate along a crack correspond to biaxial uniform compression or
extension is defined by
S:=0.  §,=S,'0

up=d (I, -x; I,=1,%1; |, =const.

(13)

The linearized problem, has the following boundary conditions on crack faces x, =+0 and
X, =*2h:
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t,=s(r), t, =0 (%, =20, OE£r<a); (14)
t,=s(r), t, =0 (X, =%2h, O£r <a)
For bend formin case nY * nJ inthe upper halfspace x, 2 - h:
t,=s(r), t, =0 =+0, O£fr<a);
t,, =0, u =0 (X%, =-h, O£r<¥);

For this case the procedure of deriving Fredholm equations is analogous [3,4] taking into
account non zero right part:

1Y 2 4 _1 .
f(x)- ﬁg\ﬂl(x,h)f(h)dh - ﬁgj\ll(x,h)g(h)dh —WQ(X),

1% 21
g(x) - agj\ﬂz(x,h)g(h)dh - agj\lz(x,h)f(h)dh -G =0

1

ou(x)dx =0 (OEXELOEh £ (15)
a0 =Ap(0)+x P xsinz)az]; ple)® S
010k

k2

5. CONCLUSIONS

One of surveyed variants for a problem with near-surface crack is presented. Problems of two
parallel cracks and a system of parallel cracks surveyed also. These problems adso are
brought to Fredholm’s integral equations of the second kind. In particular for two flaws
integral equations look like (15)

Also it is shown that for a problem near-surface crack at caseb ® ¥ therewas conversion to
acase of an isolated crack in the infinite material.
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